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ABSTRACT. Suppose n is the complex dilatation of an extremal quasiconforma1 homeomorph~sm of the unit disk onto itself. Then, except in special cases, the width of the set of arguments of n must strictly exceed T .
1. Introduction. In this paper, C is the set of conlplex numbers, D -{ z E C : / z /< 1) is the unit disk, P2is Lebesgue two dimensional measure on C , and Li?" denotes Lebesgue one dimensional measure on the set of real numbers R. For 0 < 0 < T , the open sector with vertex angle 28 about the positive real axis is denoted S(0) -{r ett: 0 < r < m , It1 < 8).
We set sgnz -z /lzl for z E C -{O), and sgn0 -0 .
If K is bounded and 2 h e a s u r a b l e on 8 , then I I~~ K denotes the infimum of the set of numbers M such that I~( z ) l < K for 2' alrnost all z E D: i.e.
IInll, = esssup ln(z)l.
Z E D
B shall denote the set of all functions, f , which are holomorphic on D and satisfy
In addition, B1 = {f E B: 11 f Ill = 1) denotes the boundary of the unit ball in B . In the current literature the Banach space B is often referred to as one of the Bergman spaces. We introduce a constant, pertaining to B, which will appear in our main theorem. Let C ( B ) denote the infimum of the set of all C E (0,m ] such that whenever f E B and Im f (0) = 0.
In [Har-Litt] we find the first proof that C ( B ) < m . More recently, one can learn that C ( B ) < 7 from [Ax] (see Theorem 1.21). For the convenience of the reader, however, we include a short (perhaps new) proof that C ( B ) < m in $3.
As the result of this paper pertains to the theory of quasiconformal mapping, we briefly review the relevant part of that theory here. We shall say that K is a Received by the editors June 5, 1987 and, in revised form, October 5, 1987 . 1980 Mathematzcs Subject Classzficntion (1985 . Primary 30C60; Secondary 30675. The first author is supported by grant OGPIN-016 of the Natural Sciences and Engineering Research Council of Canada. The second author is supported in part by a grant from the National Science Foundation. we shall say K is an extremal dilatation if n is a dilatation and IIn1loo 5 IIn1lloo whenever nl is a dilatation and H,(w) = H,, (w) for all w E C such that Iwl = 1. Thus, the statement that n is an extremal dilatation means that H, (the normalized quasiconformal homeomorphism of D having dilatation n) has the least maximal dilatation among all homeomorphisms of D having the same boundary values as H, .
The fundamental characterization of extremal di1atat)ions is due to Richard Hamilton, Edgar Reich, and Kurt Strebel [Ham, Reich-Strebel] . The version of this characterization cited below contains an important elaboration due to Strebel [Strebel] , which provides a separation into two alternatives.
THEOREM (HAMILTON, REICH, STREBEL). Suppose n is a dilatation. T h e n n is a n extremal dilatation if and only if one of the following statements is true:
(
2) There is a sequence (f,)?!,, of elements of B1, converging t o zero uniformly o n compact subsets of D l such that
Thus, the problem of checking whether a particular dilatation is extremal reduces to that of checking condition (2) above. Our main result, Theorem 1 below, addresses this question. THEOREM 1 . Suppose n is a bounded, T2measurable function o n D l 7r/2 < 6' < 7r/2 + arctan(l/2C(B)), and sgnn(z) E S(6')U (0) for T2almost all z E D .
T h e n n is a n extremal dilatation if and only if there exist
We also emphasize COROLLARY 2 . Suppose n is a n extremal dilatation and n(z) is a real number
A complete characterization of extremal dilatations which is more explicit than that of Hamilton, Reich and Strebel is not known, although A. Harrington, M. Ortell E. Reich, K. Strebel and others have obtained characterizations of the extremals within special classes of dilatations: see, for example, [O] and the references therein.
From this work, it is easy to conjecture that the number 7r/2 + arctan(l/2C(B)) may be replaced by 7r in Theorem 1, but a proof of this is not known to us.
By selecting a sequence (fn)Pzl from B1 which converges to zero uniformly on compact subsets of D , and by approximating sgn fn on an appropriate sequence of annuli in D , it is possible to construct a dilatation n, which satisfies condition (2) above, and assumes only countably many values. Consequently the measure of the set of arguments of a dilatation is not pertinent to extremality. Moreover, by using the monotonicity of integral means to estimate the integrals over annuli, we find
Proof of

